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Abstract. Let R be a local ring and M, N be finitely generated ij-modules. 
The complexity of (M, TV), denoted by cXr(M, N), measures the polynomial 
growth rate of the number of generators of the modules Ext^(M, N). In this 
paper we study several basic equalities and inequalities involving complexities 
of different pairs of modules. 



1. Introduction 

Let R be a commutative local noetherian ring with maximal ideal m and residue 
field k — R/m, and let M and N be finitely generated i?-modules. The complexity 
of the pair of modules (M,N), denoted by cxr(M, JV), measures the polynomial 
growth rate of the number of generators of the modules Ext^(M, N); see Section 2 
for background and definitions. It was first introduced by Avramov and Buchweitz 
in [5] to study properties of Ext^(M, N) when R is a complete intersection. Over 
such rings, properties of the complexity of a pair of modules have been studied 
extensively; see e.g. [3J [5} IS] . In this paper we study the complexity of a pair of 
modules over rings other than complete intersections. 

Avramov and Buchweitz prove in [3] that when R is a complete intersection, 
cxr(M, N) cannot exceed either cxr(M): = cxr(M, k), the complexity of M, or 
px R (N) : — cxfj{k, N), the plexity of N. Thus, we ask the following 

Question 1.1. Let R be a local noetherian ring. Is it true that the inequality 

cx R (M,N) < min{cx i j(M),px J j(iV)} 
holds for all finitely generated R-modules M and N ? 

Note that if the right-hand side is zero then the left-hand side is automatically 
zero. We show that an affirmative answer holds for artinian rings, see Lemma [XU 
and more generally for local Cohen-Macaulay rings with isolated singularity, see 
Theorem 14 II 

Another motivation for our study is a number of questions related to the 
Auslander-Reiten Conjecture, which asserts that over a local ring R, a module 
M with Ext^(M, M © R) = for alii > must be free. To highlight the connec- 
tion with complexity, we first formulate an asymptotic version of this conjecture, 
which has implicitly appeared in some recent papers, see Remark l5.3l We say that 
a ring R has the asymptotic Auslander-Reiten property if it satisfies: 
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(AAR) For any finitely generated i?-module M the implication 

cx R (M, R) = = cx R (M, M) cx R (M) = 

holds. 

A ring with (AAR) property satisfies the Auslander-Reiten conjecture by Remark 
15.21 In this paper, we focus on the following properties of a ring R, which are 
stronger then (AAR): 

(PI) cx R (M, R) = cx R (M) for all finitely generated i?-modules M. 

(P2) cx R (M, M) = cx R (M) for all finitely generated i?-modules M. 

Our investigation identifies certain classes of local, artinian rings satisfying the 
properties described above. For example, an artinian ring [R, m) satisfies the prop- 
erty CEU) if 2£ R (Soc(R)) > £r(R) or if R is non-Gorenstein with m 3 = and 
2£ R (Soc(R)) > £ R (R) - 2; see Proposition [5751 and Theorem |5~71 On the other 
hand, Gorenstein rings with radical cube zero satisfy (|P2[) : see Proposition 15.91 
Note that complete intersection rings satisfy (|P2j) ; see [31 Theorem II]. One inter- 
esting feature of our results is that non-regular rings satisfying (|P1|) are far from 
being Gorenstein, while the ones satisfying (|P2[) form a strict subclass of artinian 
Gorenstein rings; see Remarks 15.41 and 15.61 

The structure of the paper is summarized below. Section [2] describes some pre- 
liminary results. In Section [3] we prove several inequalities and equalities of com- 
plexities over artinian rings. Section|4]is devoted to the proof of Theorem 14.11 which 
asserts that over a Cohen-Macaulay local ring R with isolated singularity, the in- 
equality cx R (M,N) < min{cxfl(M), px^(iV)} holds. In Sections \E\ we study rings 
satisfying properties (|P1[) and (|P2[) . 



In this section, we recall the definition of the complexity of a sequence and of a 
pair of modules, and then prove and recall some of their properties used throughout 
the paper. 

Definition 2.1. The complexity of the sequence {xi}i>o, of non-negative numbers 
is given by 



Proposition 2.2. Let {xi}i>o and {yi}i>a be sequences of non-negative integers. 
Let a, b be positive real numbers. 

(1) If a ■ yi < Xi < b ■ yi for all i > 0, then cx({j/;}) = cx({xi}). 

(2) Cx({lE i+ i - Xi}) > cx({xi}) - 1. 

(3) If yi = a - x i+ i + b- Xi, then cx({j/J) = cx({xi}). 

(4) If yi — a ■ Xi + \ — b ■ Xi and a > b, then cx({yi}) — cx({xi}). 

Proof. The proofs of (1), (2), (3) are straightforward. 

(4): Set d = cx({a;,}). Since cx({yi}) < cx({ax i+ i}) = d it is enough to prove 
d < cx({yi}). We consider the following three cases. 

Case d = is trivial. 



2. Preliminaries 
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Assume d—1. Suppose cx({yi}) = 0. Then a ■ Xj+i — b ■ xi = for i ^> 0. But 
since {xi} is a bounded sequence of integers and a > b, we must have Xi = for 
i ^ 0, a contradiction. 

Assume d > 2. There exists a positive integer L such that xx, > and, by 

definition, there exists a subsequence {£j,, }j>o such that ig > L and 

(*) lim XiJ{ij) d ~ 2 = oo. 

For each j > 0, let tj be the biggest integer such that 
(**) tj < ij and x tj > x tj _i. 

Note that such tj exists because ij > L for all j > 0. Our choice of tj ensures 
that Xu > Xi j for all j > 0. This together with (*) gives 

lim x tj /(t j ) d - 2 = oo. 

On the other hand, by (**) we get yu-i > (a — 6)rr 4j > x tj . Thus, 

lim y t i/(tj - lf~ 2 = oo. 

This implies that cx({?/i}) > d, which is what we need. □ 

For the rest of this section, let R be a commutative local noetherian ring with 
maximal ideal m and residue field k — R/m, and let M,N be finitely generated 
i?-modules. 

Definition 2.3. In [3] Avramov and Buchwcitz define the complexity of the pair 
of modules (M, N) to be 

ck r (M, N) = cx({^(Ex4(M, N))}), 

where vr{—) denotes the minimal number of generators. Set 

cxfl(M) = cx R (M, k) and px R (M) = cx R (k, M). 

It is easy to see that 

cx fl (M, N) — if and only if Ext^(M, N) = for all i > 0. 

Another immediate property is the following. 

2.4. If x G R is an i?-regular and M-regular element such that xN — 0, then 

cx fi (M, N) = cx R/xR (M/xM, N). 

In general, it is easier to work with the length function t R {— ), if possible, than 
with the function v R (— ); the former is additive on short exact sequence while the 
latter is not. Thus, the following easy result will be very useful. 

Lemma 2.5. Let R be a local ring and let {Mi}i>Q be a sequence of finitely gen- 
erated R-modules. Suppose there exists a positive integer h such that m Mj = 
for all i 3> 0. Then 

cx({v R (Mi)}) = cx({£ R (Mi)}). 
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Proof. We may assume that m h Mi — for all i > 0, thus Mi is an R/m h module 
for all z > 0. Therefore, we get the inequalities 

j-J——l R (Mi) < v R {Mi) < £ R (M t ) for all i > 0. 

The conclusion follows by Proposition 1 2 . 2f 1 ) , □ 

Corollary 2.6. If R is an artinian local ring, then in the definition of cx R (M, N), 
one can replace the function v R {—) by the length function £ R (—). 

Proof. We may assume that M is non-zero. Since R is artinian, there exists a 
positive integer h such that m h M = 0. In particular, we have m h Ext^(M, N) = 
for alH > 0; now we apply Lemma 12.51 □ 

Remark 2.7. Over an artinian ring, whenever we work with the complexity of a 
pair of finitely generated i?-modules, we can use Corollary 12.61 and work with the 
length function. 

Finally, we recall some known results on complexity that we refer to in the paper. 

2.8. [2j (8.1.2)] The local ring (R, m, k) is a complete intersection if and only if 
cx^(fe) < oo. 

2.9. O Theorem II] If R is a local complete intersection and M, N are finitely 
generated i?-modules, then 

(1) cx R (M,M) = at R (M) = px R (M) < oo. 

(2) cx^(Af) + cx^(iV) - codimi? < cx R (M, N) = cx R (N, M). 

(3) cx R (M,N)<min{cx R (M),cx R (N)}. 

2.10. 12, (1.1)] Let (R, m, k) be a local ring such that m 3 = and let E be the 
injective envelope of k. Then R is Gorenstein if and only if cx^(_E) < oo. 

3. Complexity of modules over artinian rings 

In this section, R is a local artinian ring and M, N are finitely generated R- 
modules. We study basic inequalities and equalities related to Question 11.11 from 
the introduction. A technical but useful result is Lemma 13.31 which establishes 
an inequality between the length of the modules Ext^(M, N) and certain Betti 
numbers of M and N. 

3.1. Let E be the injective envelope of the residue field k and let M v — 
Kom R (M, E) be the Matlis dual of M. There are isomorphisms Ext^(M, N) = 
Torf"(M, 7V V ) for all i > 0. In particular, we get the equalities 

cx R (M, N) = cx R (N v ,M v ), and cx R (M) = px R (M v ). 

Lemma 3.2. If R is an artinian local ring, then for every finitely generated R- 
modules M and N , we have the inequality 

cx R {M, N) < min{cx H (Af),px it (iV)}. 

Proof. Set bi = f3^(M), the i-th Betti number of M for all i > and consider a 
minimal free resolution of the module M 

> R b i+ 1 *±i» R bi % R bi-1 ^ > R b! % R b Oo^ (J ^ . . . _ 
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Applying the functor Hom^— , N), we get the complex 

> N h-t Hom H Q i ,JV) ) Nbi Hom fl Q i+1 ,iV) ! ^ ^ 

By definition Ext^.(M, N) is a homomorphic image of Kcr(Hornrj(di+i, N)), so 

MExt^M, AT)) < ^(Ker(Hom K (a i+1 ,7V))) < £ R (N b *) = &^ fl (iV). 

Thus, the inequality cx R (M,N) < cx R (M) holds because of 12. 6| the inequality 
cx R (M, TV) < px R (N) follows from the first one and 13. II □ 

Lemma 3.3. Let (i?,m) be an artinian local ring and let M and N be finitely 
generated R-modules. If I is an ideal of R such that (Im)N — 0, then for every 
i > we have the inequality 

£ R (Ext R (M, TV)) > £ R (N) ■ /jf (M) - £ R {R/I)v R {N) ■ [/^(M) + 0* (M)]. 

Proof. As above, set bi — /3^(M) for all i > and consider a minimal free resolution 
of the module M with differential d = {<9i}i>o- Set 

Ki = Ker(Rom R (d i+1 ,N)) and C z = lm(Rom. R (di, N)). 

By definition we have Ext^(M, N) = Ki/Ci and the exact sequence 

(*) -> Ki -> N b ' -> C l+1 -» 0. 

Thus, we obtain the equalities 

^(Ext l fl (M, /V)) = ^(TQ) - * fl (C,), and 

M^ 6i ) = M^)+^(Ci+i)- 

By elimination, we get 

(**) e R (Ext R (M,N))=£ R (N)-b i -£ R (C i+1 )-£ R (C i ), for all i > 0. 

Since (Jm)7V = and d C miV 6 ', we get IC, = for all i > 0. This implies 
that £ R (R/ I)v R (Ci) > £ R (Ci) for all i > 0, which together with (**) implies the 
inequality 

^(Ext^M, AT)) > £ H (JV) • h - ME/7) ' K(C l+ i) + MCi)]. 

Observe that v R (Ci) < v R {N) ■ by the exact sequence (*). Thus, we get: 

£ R (Ext R (M, N)) > £ R (N) ■ h - £ R (R/I)u R (N) ■ {h + 6 4 _i). 

which is what we want. □ 

Proposition 3.4. Let (R, m) fee a /oca^ artinian ring and let M and N be finitely 
generated R-modules such that (Im)N = for some ideal I of R. 

(1) If£ R (N) > 2£ R {R/I)v R {N), then cx R (M,N) = cx R (M). 

Ift R (N) = 2£ R (R/I)v R (N), then cx R {M,N) e {cx R (M) - 1, cx R (M)}. 

(2) If£ R (N) > 2£ R (R/I)v R (N v ), then cx R (N,M) = px R (M). 

If£ R (N) = 2£ R (R/I)u R (N w ), then cx R (N,M) e {px R {M) - 1, px fl (M)}. 

Proof. (1): Set a = £ R (N) - £ R {R/I)v R {N) and b = £ R {R / I)v R {N) . Then by 
Lemma 13.31 we have the inequality 

^(Ext l fi (M, N))>a- (3?{M) - b ■ /^(M). 

The conclusions follow by Lemma 13.21 and Proposition 12.21 

(2) We apply part (1) to the pair of modules (M v , N v ). One needs to use the facts 
that £(N) = £(N V ), (Im)N v = 0, and the equalities inO □ 



6 



H. DAO AND O. VELICHE 



Proposition 3.5. Let (R, m) be a local artinian ring and let M and N be finitely 
generated R-modules with m 2 N = 0. 

(1) Ife R {mN) > v R {N), then cx R (M,N) = cx R (M). 

(2) If£ R (mN) < v R (N), then cx R (N, M) = px R (M). 

(3) Ifl R {mN)=v R {N), then 

cx R (M,N) G {cx R (M) - 1, cx R (M)} and 
cx R (N,M) e {px R (M) - 1, px fl (M)}. 

Proof. (1) and the first inclusion of (3) follow directly from Proposition 13 .4f 1 ) . 

(2) and the second inclusion of (3): Set a = v R (N) and b = £ R (mN). There is 
an exact sequence — > k b — > A^ — > k a — > 0. Applying Hom^(— , M) we get a long 
exact sequence 

> fc f-Pk(M) ^ fc «-^ +1 (M) _^ Extg-^JV, M) -» k b -^ +1 ^ -> ■ • • 

Using the additivity of length we get the inequalities 

^(Ext^ +1 (7V, M)) > a • Mr - b ■ ^ R {M) 
The conclusions now follow from Proposition ^. 21 □ 



Corollary 3.6. Let (i?,m) be a local artinian ring and let N be a finitely generated 
R-module with m 2 N = 0. Then either R is a complete intersection, and 

cx R (N) = px R (N) = cx R (N, N) < oo, 

or R is not a complete intersection and one of the following (possibly both) holds: 

(1) px R (N) = oo and cx R (N) = cx R (N : N). 

(2) cx R (N) = oo and px R (N) = cx R (N : N). 

In particular, if cx R (N, N) — 0, then the module N is free or injective. 

Proof. If R is a complete intersection, then one can apply [2~W D. 

Assume that R is not a complete intersection, thus cx R (k) = px R (k) = oo; see 
12.81 If £ R (mN) > u R (N), then applying Proposition 13. 5( 1) to the pairs of modules 
(k, N) and (N, N) gives us case (1). If v R (N) > l R (mN), then we apply Proposition 
I3T5T 2) to (k,N) and (N, N) to get case (2). Finally if £ R (mN) = v R (N), then we 
apply Proposition 13.5( 3) to the pairs (k,N) and (N,N). In this situation we get 
px R (N) = cx R (N) = cx R (N, N) = oo, that is (1) and (2). □ 

4. Rings with isolated singularity 

The main result of this section, whose proof is given at the end, is the following. 

Theorem 4.1. Let (R, m) be a Cohen- Macaulay local ring. If M is a finitely 
generated R-module such that pd R M p < oo for any prime ideal p ^ m, then for 
every finitely generated R-module N we have the inequality 

cx R {M,N) < min{cx R (M),px R (N)}. 

The following consequence of this result gives a partial answer to Question 11.11 

Corollary 4.2. If R is a Cohen- Macaulay local ring with isolated singularity, then 
for all finitely generated R-modules M and N , we have the inequality 

cx R (M,N) < mm{cx R (M),px R (N)}. 
Next, we prove a series of preparatory results. 
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Lemma 4.3. Let (R, m, k) be a local ring. Let M be a finitely generated R-module 
such that M p is a free R p -module for any prime ideal p ^ m. There exists a positive 
integer h such that m h Ext R (M, N) — for all i > and for all R-modules N . 

Proof. Set X — {x E m | M x is a free R x — module} and let I be the ideal of R 
generated by all elements of X . Without loss of generality, we may assume that M 
is not free, so I is a proper ideal. 

First, we show that I is an m-primary ideal. If it is not, then there exists a prime 
ideal p ^ m such that / C p. As M p is free, there exists y G m \ p such that M y is 
a free i? y -module; that is a contradiction. 

Second, we claim that for each x £ X there is a non-negative integer n(x) 
such that x n ^ Ext R (M,N) = for all i > and for all i?-modules N. We have 
M x = R x for some s. This isomorphism is induced by a homomorphism of R- 
modules /: R s —> M. Let Z : B and C be the kernel, image and the cokernel of 
/ respectively. Since / becomes an isomorphism after localizing at x, there is an 
integer n(x) such that x n ^Z = and x n ^C — 0. The long exact sequences of 
Ext, obtained after applying the functor Hom/?(— , N) to the short exact sequences 

Z ->• R s ' ^ B ->• and 
O^B^M^C^O 

show that x n ^ Ext* fl (M, N) = for all i > 0. 

Finally, since R is noetherian we may choose a subset {x\,...,x{\ of X 
whose elements generate the ideal /. Let n = max{rt(xi), . . . , n(xi)}. Then 
I nl Ext^.(M, N) — for alH > and for all i?-modules N. Since / is m-primary 
the desired conclusion now follows. □ 

Lemma 4.4. Let (i?, m) be a local Cohen- Macaulay ring of Krull dimension d. 
Let M and N be maximal Cohen- Macaulay R-modules such that M p is free for all 
prime ideals p ^ m. Then there exists an R-regular sequence x of length d such 
that 

cx R (M,N) = cx R/asR {M/xM,N/xN). 

Proof. We construct the sequence x of length d inductively. 
If d = there is nothing to be proved. 

Assume d > 1. In this case it is enough to find the first element x\ of the 
sequence. Indeed, the modules Mjx\M and N/x\N are maximal Cohen-Macaulay 
and M/x\M is free on the punctured spectrum of R/x\R, thus we can continue 
inductively. 

By Lemma [4.31 there exists a positive integer h such that m h Ext^(A/, N) = 
for all i > and all i?-modules N. Choose an i?-regular element x\ in m™. Since 
M and N are maximal Cohen-Macaulay, x\ is also M- and iV-regular. 

First, we show that 

(*) cxh(M, N) = cx R (M, N/xiN). 

From the short exact sequence -> N N -> N/x-lN -> we obtain by applying 
the functor Homjj(M, — ), the long exact sequence 

► Ext R (M, N) m> Ext R (M, N) -> Ext R (M, N/xiN) Extg" x (M, N) -> ■ ■ ■ . 
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Since x\ is in m h , this long exact sequence splits into short exact sequences of 
modules of finite length 

-► Extjj(M, N) -> Ext R (M, N/ Xl N) -> Extg" x (M, TV) -> for all i > 0, 

as m h Ext l R (M, N/x±N) = for all i > 0. 

Using the additivity of the length function we get for alH > 

e R {Etxt* R (M, N/ Xl N)) = £ R (Ext R (M, N)) + £ R {Ext^\M, N)). 

Applying now Lemma 12.51 and Proposition 12. 2f 3) we obtain the desired equality of 
complexities. 

Second, bv 12.41 we have 

(**) ck r (M, N/ Xl N) = cx R/xiR {M/x x M, N/x x N). 

Combining now the equalities (*) and (**) finishes the proof. □ 

Lemma 4.5. Let R be a local ring, N a finitely generated R-module, and let x be 
a regular element on R and N . Then, for any finitely generated R/xR-module M 
we have the equality 

cx R (M, N) = cx R/xR {M, N/xN). 

In particular, px R (N) = px R / xR (N/xN). 

Proof. The equality follows from the isomorphism 

Ext l H (M, N) S Ext t -/ afi (M, N/xN) 

for each i > 0; see [16j Lemma 2, p. 140]. □ 

Proof of Theorem \4-.l\ First, we show that we may pass to the completion of R. 
Remark that the complexities involved are not changed by completion. We only 
need to check that pd^ p Mp < oo for any prime ideal P in the punctured spectrum 

of R. Let p = P n R. Then p is a prime ideal in the punctured spectrum of R, thus 
pd flp M p < oo. But we have the commutative diagram: 

R >R 



Rp > R P 

Note that the map R p — > Rp is flat. So pd^ Mp < oo as desired. 

Since we may assume R is complete, by the discussion after [I, Theorem A] there 
exists a short exact sequence of i?,-modulcs O^N^X^N'^Q, where X is of 
finite injective dimension and N' is a maximal Cohen-Macaulay module. By apply- 
ing the functor Hom^(M, — ) to this sequence we get from the long exact sequence 
of Exts the isomorphism Ext^(M, N) £ Ext^ 1 (M, N') for all i > dimR. Thus 
without loss of generalization, we may assume iV is a maximal Cohen-Macaulay 
module. 

Second, by replacing M with a high syzygy we may assume that M is also a 
maximal Cohen-Macaulay, and hence M p is free for all primes p^m. 

Finally, we apply Lemmas 14. 41 and 14. 51 to reduce to the artinian case and Lemma 
13.21 to finish the proof. □ 



COMPARING COMPLEXITIES OF PAIRS OF MODULES 



9 



5. Equalities of complexities of pairs of modules 

In this section (R, m, k) is a local ring. 

Definition 5.1. We define the asymptotic Auslander-Reiten property of a local 
ring R to be the following: 

(AAR) For any finitely generated i?-module M the implication 

cx R (M, R) = = cx R (M, M) => cx R (M) = 

holds. 

Recall that a local ring R satisfies the Auslandrer-Reiten condition if it has the 
following property: 

(AR) For any finitely generated i?-module M the implication 

Ext R (M, R) = = Ext R (M, M) for aU i > => M is free 
holds. 

Remark 5.2. It is easy to see that if R is a ring satisfying the (AAR) condition, 
then it satisfies the (AR) condition. Indeed, let M be a finitely generated R- 
module with Ext* R (M, fl) = = Ext* R (M, M) for all t > 0. Since i? satisfies (AAR) 
condition we obtain that pd fl M < oo. In this case, we know by [TOl (2.6)] that 
ExtP d « M (M, R)^0, thus AT is free. 

However, we do not know if the reverse implication holds. 

Remark 5.3. The Auslander-Reiten Conjecture asserts that every local ring sat- 
isfies (AR). This conjecture has been studied extensively in the recent papers 
[H [6l [13l [15]. In fact, some results in those papers implicitly provide classes of 
rings satisfying (AAR). One such class consists of rings with radical cube zero; see 
P31 (4.1)]. Recently, Christensen and Holm show that (AAR) is implied by the 
Auslander's condition on the vanishing of cohomology which they denote by (AC); 
see (2.3)]. 

In this section we investigate rings satisfying stronger properties than (AAR): 
(PI) cx R (M, R) — cxr(M) for all finitely generated R- modules M. 

(P2) cx R (M, M) = cx R (M) for all finitely generated i?-modules M. 

Remark 5.4. A ring with property (|P1|) cannot be Gorenstein unless it is a regular 
ring. Indeed, assume that R satisfies (jPlj) and is Gorenstein. Therefore, since 
px^(i?) = it follows that pd^/c < oo, thus R is regular. 

On the other hand, if R is a complete Cohen-Macaulay local ring with property 
(|P2p . then R is Gorenstein. By assumptions R has a canonical module D. Since 
D has finite injective resolution, we get that cx R (D,D) = 0, thus cx R (D) = 0. 
In particular, the module D has finite projective dimension and finite injective 
dimension, hence R is Gorenstein by (4.4)]. 

However, there exists an artinian Gorenstein local ring R not satisfying (|P2[) . 
If R is artinian, then we have cx R (M, M) = cx_r(M v ,M v ); seeOD] Therefore, if 
R satisfies (IP2[) . then cx^(Af) = px R (M) for all finitely generated i?-modules M. 
However, Jorgensen and §ega construct in [Til (1-2)] a Gorenstein ring with m 4 = 
^ m 3 and a finitely generated i?-module M with 1 = cx R (M) < px R (M) = oo. 
Thus, R does not satisfy (|P2]) . 



10 



H. DAO AND O. VELICHE 



In the next two results we identify classes of rings satisfying the property (|P1|) . 

Proposition 5.5. Let R be an artinian local ring such that 2i R {Soc{R)) > £ R (R). 
Then, for all finitely generated R-module M 

cx R (M, R) = cx R (M) £ {0, oo}. 

In particular, if R is not a field, then cx R (E) — cx R (k) = oo. Here E denotes the 
infective envelope of k . 

Proof. Set r = £ R (Soc(R)) and I = i R {R). It is proved in [2J (4.2.7)] that for every 
finitely generated i?-module M, we have 

ft+i(M) > j^—f3i(M) for all * > 0. 
/ — r 

In particular, if 2r > Z we obtain 

{cx R (M) M is a finitely generated i?-module} C {0, oo}. 

Corollary 13. 4f l) applied to the pair of modules (M,R), and the ideal / = Soc(i?) 
gives the equality cx R (M, R) = cx R (M). 

If R is a complete intersection artinian ring with 2r > I then R is a field. If R is 
not a complete intersection, then cx R (k) = oo by 12.81 Bv l3.ll . cx R (E) = px R (R). 
Corollary I3.4f 2) applied to the pair of modules (k,R), and / = Soc(i?) gives the 
equality cx R (E) — px R (k) = cx R (k) = oo. □ 

Remark 5.6. One can find examples of local rings R satisfying the hypotheses of 
Proposition 15 . 51 by taking R = S/n h with (S, n) a regular local ring of Krull dimen- 
sion at least 3h — 4 and h > 2. From the point of view of Jorgensen and Leuschkc 
|12j . the artinian local rings R with 2^(Soc(i?)) > £r(R) are furthest from be- 
ing Gorenstein. Indeed, in [12, (3.4)], they define fl(i?) = curv R (E) / curv R (k) 
where cuvv R (M) denotes the curvature of M , a measure of the exponential growth 
of the Betti numbers of M; see [H Ch 4]. They show that there are inequalities 

< q(R) < 1 and that R is Gorenstein if and only if g(R) = 0. Thus, the invariant 
q(R) measures how far R is from being Gorenstein. One can show, as in the proofs of 
Propositions 15.51 and 12. 2 \ that curv^, (E) = curv R (k) when 2£ R (Soc(R)) > l R (R). 
Thus, these rings satisfy q{R) — 1, and thus are furthest from being Gorenstein 
with respect to this invariant. 

Theorem 5.7. Let (R, m, k) be a non- Gorenstein local ring and let M be a finitely 
generated R-module. 

(1) Ifm 2 = 0, then cx R (M,R) = cx R {M) G {0,oo}. 

(2) Ifm 3 = ^ m 2 and 2£ R (Soc{R)) > £ R {R) - 2, then 

cx R (M, R) = cx R (M) e {0, 1, oo}. 

Proof. (1): If M is a free module then the statement is clear. If M is not free, we 
may assume that M is a finite fc-vector space by replacing M by its first syzygy. 
Hence, we obtain the equalities cx^(M) = cx R (k) = oo and cx R (M,R) — px R (R); 
for the second equality we use 12.81 By hypothesis R is not Gorenstein, therefore 
the injective envelope of the residue field k has infinite complexity by 12.101 Thus, 
bv !3.1l we have px R (R) = oo, and the desired conclusion follows. 

(2): For the rest of the proof, set b, = (if (M) for i > 0, r = £ R (Soc{R)) and 

1 = £ R (R). By [H Theorem B and (3.9)] we have 

{cx R (M) | M is a finitely generated i?-module} C {0, 1, oo}. 
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Lemma [3.21 gives the inequality cxr(M, R) < cx R (M). Thus, we may consider 
the following three cases on complexity of M. 

If cx R (M) = 0, then M is free, hence cx^(M, R) = by definition. 

If cx R (M) = 1, then cx R (M, R) = 1. Otherwise, if = cx R (M, R) < cx R (M) it 
follows by [3 (Theorem A)] that 2r = I — 2, contradicting with our hypothesis. 

The last case is cx R (M) = oo. By Proposition 15.51 we may assume that 2r e 
{1,1 — 1}; thus we analyze the two possibilities. 

Assume 2r = I. Lemma [5751 applied to N — R and I — Soc(i?) gives 

£ R (Ext R {M,R)) >r-(bi-bi-i). 

Since the sequence {bi}i>\ has infinite complexity, so does the sequence {&i+i — 
&i}i>i by Proposition E^2). Thus, cx R (M,R) = oo. 

Now, assume 2r = I — 1. Lemma 15751 applied to N — R and / = Soc(i?) gives 

(*) £ R (Vxt* R (M, R))>r- h - (r + 1) • b^. 

Moreover, by replacing M with its first syzygy, we may assume that m 2 M = 0. 

Assume that k is not a direct summand of any syzygy of M. Set a = £ R (m 2 ) 
and e = edimi?. By [Pfl (3.2)] we have r — a, and by our hypothesis r = e. By 
[14l (3.3)] we know that the sequence {&i}i>o satisfies 

6i+i = ebi — abi-i = r(bi — bi—i), for all i > 1. 

Therefore, the inequality (*) becomes 

e R (Exi? R (M, N)) > r ■ h - (r + 1) • b^ 
= r ■ (bi- bi_i) - bi-i 
= bi+i — fei-i 

= (bi+i - bi) + (bi - h-x). 

Thus, we get as above that cx R (M, R) = oo. 

Finally, assume that for some j > the j-th syzygy of M, denoted Mj, satisfies 
Mj = k © Mj . Then there are isomorphisms 

Ext R (M,R) ^ Ex^ j (Mj,R) = Ext^" J ' (k, R) © Ext^'(Mj, R) for all i > j. 

Since R is non-Gorenstein with m 3 = 0, we have cx R (k, R) = cx R (E) = oo; the 
first equality is by 13.11 and the second bv 12.101 Therefore, cx R (M,R) = oo, so wc 
have the desired conclusion. □ 

Remark 5.8. The inequality 2e R (Soc(R)) > i R (R) -2 of Theorem lO^) is sharp. 
Jorgensen and §ega construct in [Til (3-1)] a non-Gorenstein ring R with m 3 = ^ 
m 2 and 2£ R (Soc(R)) = l R {R) — 2 and a finitely generated i?-module M with 

= cx R (M, R) < cx R {M) = 1. 

A class of rings satisfying the property (jP2| is identified below. 

Proposition 5.9. Let (R,m,k) be a local Gorenstein ring with m 3 = 0. If M is a 

finitely generated R-module, then 

cx R (M,M) = cx R {M). 
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Proof. If R is a complete intersection, then apply l2~9l Assume that R is not a com- 
plete intersection. Let N be the first syzygy of M, then cx R (N, N) = cx R (M, N) 
and cx R (M) = cx R (N). Since Ext 4 fl (M, R) = for all i > 0, we have cx R (M, N) = 
cx R (M, M). Therefore, it is enough to show that cx R (N, N) = cx R (N). 

If m 2 = 0, then N is a fc-vector space. Thus, the desired equality follows by the 
definition of complexity. 

If m 3 = 7^ m 2 , then m 2 N = 0. By Corollary 13.61 we have the inclusion 
cx R (N,N) G {cxr(N), px R (N)}. But by the discussion in [TTJ Sec. 2] we have 
cx R (N) = px R (N). Thus, the desired equality holds. □ 

Combining Theorem 15. 7( 1) and Proposition 15 . 91 we obtain that over a local ring 
(R, m) with m 2 = 0, every finitely generated i?-module M satisfies the equalities 
cx R (M, R) = cx R (M) = cx R (M,M). As we have seen in Remark 15.81 this is not 
true for all the rings with m 3 = 0. For such rings, the (AAR) condition is implied 
by the following result, which gives more information on complexities: 

Proposition 5.10. Let (R,m,k) be a ring with m 3 = ^ m 2 and let M be a 

finitely generated R-module such that cx R (M, M) = 0, then 

cx R (M, R) = cx R (M) e {0, 1, oo}. 

Proof. By 14, Theorem B and (3.9)], we have cx R (M) e {0, l,oo}. 
If cxfl(M) = 0, then cx R (M, R) = by definition. 

If cx R (M) = 1, then cx R (M,R) G {0, 1} as we have cx R (M,R) < cx R (M); see 
Lemma fel If cx R (M,R) = 0, then M is free by [H (4.1.1)], contradiction. Thus, 
in this case we have cx^(Af, R) = 1, as desired. 

Finally, we consider the case cx R {M) = oo. Let N be the first syzygy of the 
module M; it satisfies m 2 7V = 0. 

If £ R (mN) > i/ R (N), then by part (1) of Proposition l3T5l we have the first equality 
in cx R (N,N) = cx R (N) = cx R (M) — oo. On the other hand, the long exact 
sequence obtained by applying the functor Hom R (M, —) to the short exact sequence 
-> N -> R Vr( - m ^ -> M -> and the assumption cx R (M, M) = implies that 

Ext R (M, N) ^ Ext^(Af, RY r{m) for all i > 0. 

It follows that cx R (M, N) = cx R (M, R) and this is equal to cx R (N, N); recall that 
N is a syzygy of M. Therefore, cx R (M, R) — oo as desired. 

If £ R (mN) < u R (N), then by parts (2) and (3) of Proposition 13.51 we have 
cx R (M,R) = cx R (N,R) G {px R (R),px R (R) - 1}. If R is Gorenstein, then by [Ml 
(4.1.2)] and by hypothesis M is free, contradicting our assumption. If R is not 
Gorenstein, then -px R (R) = cx R (E) = oo; the first equality is bv l3.1l and the second 
bv [2~TUl Therefore, cx R (M, R) = oo. □ 

Remark 5.11. If R is a complete intersection local ring and M is a finitely 
generated i?-module, then the condition cx R (M,M) = implies by 12.91 that 
cx R (M, R) = cx R (M) = 0. 

Finally, for completeness, we note that the main arguments in [3] give a slightly 
more general result than what is stated in !2.9l Recall that the complete intersection 
dimension of a module M is defined as: 

Cl-dim^ M = infjpdg M ® R R' — pdg R'\ R — > R 1 <— Q is a quasi-deformation} 
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Here a quasi-deformation R — > R' <— Q is a diagram of local homomorphisms such 
that i? — > i?' is flat and i?' <— Q is surjective with kernel generated by a regular 
Q-sequence / = ft, ■ ■ ■ , f c \ see [5]. 

Proposition 5.12. Let R be a local ring and let M be a finitely generated R-module. 
If CI-diiriflM < oo then cx R (M,M) = cx R (M). 

Proof. By definition [3] Section 4], there exists a quasi-deformation as above such 
that pdg M' < oo, where M' = M <E> R R' . Replacing R,M by R',M' we may 
assume R = R' . We may also assume that k is algebraically closed by replacing R 
by its residual algebraic closure; see [3} (4.1.1)] and (1.14)]. 
Now, by [3] (2.4)], we have for any i?-module N the equality 

cx R (M,N) = dhnV*(Q,f,M,N). 

Here V*(Q, /, M, TV) denotes the support variety of the pair (M, N); see [3, (2.1)]. 
By [31 (2.5)], one has an equivalent definition: 

V*(Q, /, M, N) = {aE k r Ext^ a (M, N) ^ for infinitely many n} U {0}, 

where a = (at,-- - ,a r ),f a = J2 a *fi and Qa = Q/(fa)- To prove cx R (M,M) = 
cx fl (Af) it suffices to show V*(Q,f,M,M) = V*(Q, f,M,k). By the above def- 
inition we have to show that for each a G k r , Extg^ (M,M) = for n ^> <^> 
pdg a M < oo. But this follows directly from [3] (4.2)] which asserts that a finite 
module M of finite Cl-dimension over a Noetherian ring R has finite projective di- 
mension if and only if Ext^(M, M) = for some i > 0; note that CI-dimQ a M < oo 
by definition. □ 
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